This study reports the derivation of a precise mathematical relationship existing between the different p-moments of the power spectrum of the photoelectric current, obtained from a laser-Doppler flowmeter (LDF), and the red blood cell speed. The main purpose is that both the Brownian (defining the 'biological zero') and the translational movements are taken into account, clarifying in this way what the exact contribution of each parameter is to the LDF derived signals. The derivation of the equations is based on the quasi-elastic scattering theory and holds for multiple scattering (i.e. measurements in large tissue volumes and/or very high red blood cell concentration). The paper also discusses why experimentally there exists a range in which the relationship between the first moment of the power spectrum and the average red blood cells speed may be considered as 'linear' and what are the physiological determinants that can result in nonlinearity. A correct way to subtract the biological zero from the LDF data is also proposed. The findings should help in the design of improved LDF instruments and in the interpretation of experimental data.
Introduction

Present knowledge on laser-Doppler flowmetry
Thanks to the invention of the laser in the early 1960s (Hecht 1992 ), a number of optical investigative and therapeutical tools are now available in physiology laboratories or in the clinical environment. Amongst these one of the most representative is laser-Doppler flowmetry (LDF) (Briers 2001) . In fact, LDF has been used to measure blood flow and/or speed for nearly 35 years, the earliest work being on retinal blood flow (Riva et al 1972 , Tanaka et al 1974 . Later, the method was generalized for the investigation of other tissues (Stern 1975 , Stern et al 1977 . Since then, hundreds of papers have been published on blood flow monitoring covering various domains of medical and physiological research such as e.g. the pharmacology of cutaneous circulation, the study of flap perfusion in plastic and reconstructive surgery, the investigation of peripheral vascular diseases, the measurement of blood flow in skeletal muscle, kidney, brain, bone, retina, intestine or stomach and many other applications (for a review see Shepherd andÖberg (1990) and a summary in Briers (2001) .
Today, the LDF related techniques can be subdivided into two main groups: (1) instruments allowing one to obtain single point/volume measurements and (2) instruments allowing one to obtain flow images, although in practice, LDF images may be seen as a sequence of single point measurements. Thus, the theory which is used to compute, from the raw LDF signals, the blood flow and/or speed related parameters appears to be fundamentally the same for the two groups. This means, that also the 'problems' of the method are shared by the two groups of techniques and that this has an influence on practically all the commercially available LDF instruments. Concerning these problems, two important points have not yet been completely solved after 35 years of work: (1) the ability to obtain absolute values for blood flow and/or speed (Leahy et al 1999) ; and (2) the derivation of a reliable model describing the exact relationship existing between the 'raw' LDF signals (P (ω), the power spectrum of the photoelectric current, see: mathematical model section) and the blood flow and/or speed (Briers 2001) . Of course, as noted by Liebert et al (1999) , several methods have been investigated allowing the calibration of LDF instruments in terms of absolute flow and/or speed values. Among these, some are based on tissue preparations (Ahn et al 1987) , flow models (Nilsson et al 1980 , Obeid 1993 , rotating discs (Smits et al 1986) , Brownian motion of scattering particles (Fairs 1988 , Liebert et al 1995 and controlled movement of scattering particles (Steenbergen and DeMul 1998) . Mathematical approaches independent of calibration phantoms have also been considered (Kienle 2001 , Binzoni et al 2003 .
Concerning the mathematical formulation of the P (ω)-blood flow and/or speed relationship-it is true to say that practically all LDF instruments use the original theory derived by Bonner and Nossal (1981) or some improvement of the same approach. In fact, P (ω) would have no 'physiological meaning' without the results derived from the Bonner and Nossal (1981) theory. This theory, in part also allows one to explain some of the nonlinearities obtained during LDF measurements and helps identify one of the conditions where the LDF starts to give incorrect flow values (Leahy et al 1999 , Binzoni et al 2003 .
In the last five years, a few LDF instruments have been described which allow one to investigate large tissue volumes of up to 20 cm 3 compared to the standard LDF: ∼1 mm 3 (Soelkner et al 1997 , Lohwasser and Soelkner 1999 , Kolkman et al 2001 , Binzoni et al 2002 , Klaessens et al 2003 . In the future, these instruments should allow one to monitor tissues situated in deep regions under the skin, such as the human brain cortex. However, these new LDF systems raise problems when using the approximated version of the Bonner and Nossal (BN) model (i.e. the approximation used in the standard commercial systems). In fact, at large interoptode spacing, one observes higher order phenomena generated for example by multiple photon scattering. This is the reason why the development of a more complete version of the BN theory has become a renewed topic of research (Binzoni et al 2003) .
Problem to be solved: the translational movements
At this point, some fundamental comments have to be made. If one studies the BN model, one realizes that one of the main hypotheses in its derivation is that the movement of the red blood cells is random/Brownian and that the speed distribution of the red blood cells can be described by the Maxwell density function: (Bonner and Nossal 1981) where V represents the norm of the velocity vector (i.e. the speed) and the symbol is the expectation operation (the hypothesis is also made that the system is ergodic). In other words, one usually uses the word velocity when the magnitude and the direction are known. In this case the velocity can be represented as a vector. The term speed is usually used when the direction is not known, i.e. only the 'norm' or magnitude of the velocity vector is known. The term V 2 is the second moment of the probability distribution represented by equation (1). Now, equation (1) is derived from the Maxwell velocity distribution, and this distribution imposes by definition that the average value of the velocity components is nil i.e.,
This means that no mean net translational movements (of the 'particles') are considered in this model or, in other words, that there is no global input-output of blood flow in the LDF investigated region of interest. In conclusion, the Bonner-Nossal (1981) model should hold only for a 'Brownian' movement of the red blood cells, with a constraint on the velocity as in equation (2). Thus, using equation (1), and in the case of small tissue volumes, the BN approach predicts that the first moment of P (ω) is proportional to V 2 1/2 . However, V 2 1/2 is the second moment of the speed due to the random movement (never nil, even with zero flow) and not the translational speed component of the red blood cells that we want to measure and hence determine the real flow. Because of this problem, the hypothesis one usually makes is that V 2 1/2 represents in a 'certain sense' the wanted translational speed but with the added presence of a baseline. The validity of this assumption has not been demonstrated mathematically but the empirical calibration data seem to give reasonable results for small speeds (Liebert et al 1998 (Liebert et al , 1999 . Practically, this means that if for instance we perform an arterial occlusion of a forearm by applying a pressure cuff, the LDF instrument will display a non-zero muscle blood speed ( V 2 1/2 = 0), due to the Brownian movement, even if the real blood flow is nil. If we now release the cuff, the translational movement of the red blood cells (non-nil flow) will mix with the random movement and the term V 2 1/2 will contain the two speed components (translational and Brownian). In this case, it is no longer clear which fraction of V 2 1/2 is random and which is pure translation. One can now understand why it is often so difficult to interpret experimental LDF data. This important problem has already been highlighted by Zhong et al (1998) . In their paper, the authors proposed an elegant solution by splitting the red blood cell movement into two components: one describing a random motion with zero mean velocity, as in the original BN model (see equation (1)), and the other describing a pure translational movement. Unfortunately, in their paper the authors did not give an explicit solution for the different moments of P (ω) as a function of the blood speed (the zero and first P (ω)-moments represent the usual output displayed on LDF monitors) and in particular they did not discuss the situation of large interoptode spacing, where the presence of multiple scattering makes the results non-trivial.
Aim of the present work
For the above reasons, the aim of the present work was to derive, by using the Zhong et al (1998) probability distribution function for speed and the Bonner and Nossal (1981) approach, the explicit analytical solution for all the moments of the output power spectrum of a typical laser-Doppler system and in particular for large interoptodes spacing and/or very high red blood cell concentrations. From this solution it is possible to investigate the exact relationship existing between the red blood cell translational speed (not the Brownian component) and the LDF output.
Mathematical model
In this section, we will describe how to derive analytically the different moments of the power spectrum, P (ω), where ω = 2πν is the angular frequency and ν is the frequency in hertz of the ac component of the photocurrent (generated by the LDF photodetector). We will follow the same approach as the one proposed by Bonner and Nossal (1981) but in the present case we will use a speed distribution function that allows us to take into account both the Brownian and the translational movements of the erythrocytes (i.e. the 'moving particles').
The power spectrum at the output of the laser-Doppler instrument
Actually, P (ω) will describe the power spectrum of the photoelectric current at the photodetector level expressed in units of ampere, while the equivalent ac power spectrum obtained at the output of the LDF (P LDF (ω)) is expressed in volts. In a 'typical' LDF instrument, the relationship existing between the two power spectra is thus the following: (Binzoni et al 2003) where B is the photodetector gain, C is the current to voltage conversion and A is the voltage gain utilized to amplify the small ac signal. The dc current at the photodetector level (i 0 ) is related to the dc at the LDF output in the same manner as (Binzoni et al 2003) :
Usually, the term A is not present because it is not necessary to amplify the large dc signal. In general, the relationship existing between the P (ω) and the fluctuating light intensity coming out from the tissue (Cummins and Swinney 1970 ) is given as
where q ∼ = −1.602 × 10 −19 C is the charge of the electron, δ(ω) is, as usual, the Dirac function (s) and S(ω) is the power spectrum of the ac component without the i 2 0 term. The term i 2 0 δ(ω), on the right-hand side of equation (5), is generated by the dc component of the signal (before the power spectrum calculation). The term qi 0 π is the shot noise and is usually neglected. The photodetector noise is represented by D(ω). The first three terms on the right-hand side of equation (5) will act as constant baseline offsets and can be neglected in establishing the models and thus from now on we will deal only with
Derivation of the p-moments of the power spectrum
As we explained in the introduction, the focus here is to derive an analytical expression for the different moments of P LDF (ω), i.e., (Bonner and Nossal 1981) where ω p represents the pth-moment. In practice, it is sufficient to derive the moments for S(ω) because from equations (3), (4), (6) and (7):
The theoretical derivation of S(ω) is a well-known procedure independent of any particular choice for the speed probability distribution function (see for an introduction Johnson and Gabriel (1981) ), and we only summarize the main steps below. The general hypotheses and mathematical procedures necessary to derive S(ω) may be found, for example, in Bonner et al (1981) , Bonner and Nossal (1981) and Johnson and Gabriel (1981) . In this case, it can be shown that the term S(ω) can be expressed as (Bonner and Nossal 1981) where g (2) (τ ) represents the normalized temporal (τ ) autocorrelation function describing the interaction between the photons generated by the laser of the LDF system with the biological tissue and its vascular network. In our case the function g (2) (τ ) can be written as (Bonner and Nossal 1981, Boas 1996) :
where 0 < β < 1 is an instrumental factor which depends upon the optical coherence of the signal at the detector surface (Cummins and Swinney 1970) , I (τ ) is the intermediate scattering function of the Doppler shifted light (see below). The dc current intensity produced by the total light falling upon the photodetector is designated as i 0 and the intensity of that portion which arises from photons that have interacted (scattered) with moving cells is designated as i sc = i 0 (1 − e −m ) (Binzoni et al 2003) , wherem is the 'lambda factor' of the Poisson distribution function describing the probability that a photon makes m collisions with a moving erythrocyte before emerging from the tissue, i.e., (Bonner and Nossal 1981) and thus the probability of having no collisions is P 0 = e −m . In this case, the average number of collisions that a photon makes with a moving particle is
and thus, by definition,m is also proportional to the red blood cell concentration. Up to this point the formulation of the model is very general, and it holds reasonably well for multiple photon scattering with red blood cells and thus for large optode spacing. Also, no hypotheses have been made concerning the geometrical shape of the particle or concerning the probability distribution function of the speed. All this information is implicitly 'contained' in I (τ ). Of course, if one now wants to express ω p in terms of the red blood cell mean speed (which is the final aim of the present work), we are obliged to write I (τ ) explicitly and to introduce these hypotheses. In practice, the function I (τ ) is very complex, but for practical purposes Bonner and Nossal (1981) have found an elegant solution by exploiting the results of Sorensen et al (1976) showing that I (τ ) can be expressed in terms of an intermediate scattering function describing photons that experience only one collision, I 1 (τ ), i.e., Figure 1 . Definition of the different parameters utilized in the derivation of the model. The vector k s represents the wave vector of the light coming out from the investigated tissue (e.g., a photon after its last interaction with a moving particle) and going to the LDF detector. The vector k i is the wave vector of the input laser light and Q (θ ) ≡ k i − k s is the Bragg scattering vector (on the figure the projection of Q (θ ) onto the negative z axis). V trans represents the translational velocity of the moving particle (e.g., red blood cell). θ is the angle existing between V trans and k s . θ is the angle existing between k i and k s . φ is the angle existing between the x axis and the projection of k i on the x-y plane. is the angle existing between V trans and Q (θ ). (Bonner and Nossal 1981) and I 1 (τ ) can be written as:
where ς(Q (θ )) is the structure factor of the considered scatterer (e.g., a sphere in this case) and R (τ ) is the displacement of the centre of mass of a moving cell during time τ , with R (τ ) ≡ V τ . We will see below that the vector V describes the Brownian and the translational movements. The expectation, , is taken over the speed distribution of the cells. The angles θ , θ and are defined by the polar coordinates of the system (see figure 1) .
At this point, we must highlight two important observations if we compare the present and the standard BN models. The first observation is that in the original BN model, the integration over the angle appearing in equation (14) was not present. In fact, the presence of the new translational velocity (V trans ) reduces the symmetry of the physical system and obliges us to integrate also over the variable. Intuitively, figure 1 depicts this concept. The vector k s represents the wave vector of the light coming out from the investigated tissue (e.g., a photon after its last interaction with a moving particle) and going to the LDF detector. Thus, in figure 1 the 'detector' has a fixed position and it receives the light from a unique direction. The translational velocity of the erythrocytes, V trans , also has a fixed direction (defined by θ ) because it depends on the geometrical structure of the vascular network. In this manner, it is always possible to define the Euclidean axis of the system as in figure 1 , where k s and V trans are on the x-z plane and k s is on the z axis. The vector k i is the wave vector of the input laser light and Q (θ ) ≡ k i − k s is the Bragg scattering vector. The angle between Q (θ ) and V trans is .
The classical assumption is that the input light is 'randomized' by the tissue matrix (blood vessels, biological structures surrounding the moving cells, etc). In practice, this is equivalent to saying that the input light comes from all directions of the space and, if this is the case, then k i spans the whole x-y-z volume. This is equivalent to saying that the detector receives the light that was 'injected' from all the directions and, if one wants to take into account all these configurations (i.e. all the possible directions of k i defined by the angles θ and ; see figure 1), it is necessary to integrate over θ and from 0 to π (i.e. it is enough to integrate over the half volume because the other half is symmetric and does not make any difference in equation (14)). As usual, the integration over the 'third' spherical coordinate, r, does not appear in equation (14) because it results in a multiplication of the equation by a factor 1 (i.e. the numerator and the denominator give the same values that simplify to 1).
The second observation concerns the integration over θ in equation (14). In fact, the photons coming out from the last interaction with a moving particle do not maintain their 'direction' but they are also randomized by the surrounding tissue like the input light. Thus, by definition this is equivalent to moving the detector (or k s ) in figure 1 around the whole of the 3D space because in this case the detector receives the light from all the 'directions'. However, it is still possible for each configuration to define the axis as in figure 1, and this is equivalent to integration over θ from 0 to π . It must be noted that in the classical BN model the output light is also considered to be randomized. However, in the classical BN formulation there is no θ dependence in the equations and the constants appearing in the integration over θ are simplified to a multiplicative value 1, thanks to the ratio appearing in equation (14).
If we now move to the next step, a very good approximation is to consider the red blood cells as spheres with a 'mean' radius a. This allows one to write ς(Q (θ )) as ( Van de Hulst 1959 , Ishimaru 1978 , Bonner and Nossal 1981 
where the magnitude of the Bragg scattering vector is
and where k ≡ k i = k s , λ is the laser wavelength of the LDF instrument, ξ is a constant and n is the index of refraction of the milieu.
The new speed probability distribution function takes into account Brownian and translational movements
It now becomes necessary to introduce the new speed probability distribution function (P (V )) as suggested by Zhong et al (1998) . This means that we will take into account both the Brownian component of the speed (V Brown ) and the translational component ( V trans = V trans ). This gives the new speed probability distribution function:
Of course, if we take the limit V trans → 0 we find the original Bonner and Nossal (1981) speed probability distribution function appearing in equation (1) (pure Brownian movement). The choice, made by Bonner and Nossal, of a normal (Gaussian) distribution to describe the random component in equation (17) (i.e. when V trans → 0) is very reasonable because many different statistical distributions tend to this for very large numbers. Of course, the normal distribution describes also by definition the classical Brownian movement. Equation (17) is a more general distribution than the original Bonner and Nossal (1981) and this means that the mathematical assumptions imposed on the particle speed are less strong and thus more near to the physiological 'reality.' In equation (17), we have introduced different normalizing constants than those appearing in Zhong et al (1998) in order to be compatible with the original Bonner and Nossal (1981) equation. The integral over V of the probability distribution P (V ) remains, of course, 1. The term V 2 Brown is the second moment of P (V ) when V trans = 0. The term V trans is a pure translation and thus it does not appear as a 'mean' value. This also means that one reasonably assumes that all the moving particles have exactly the same velocity V trans . Now, using equation (17), the term e iQ (θ) R (τ ) appearing in equation (14) can be written as
By substituting equations (15), (18) and
into equation (14) we find that
where J 0 is a Bessel function of the first kind and order zero. The symbol z is an integration variable derived from variable substitutions (z ≡ sin(θ/2)). To solve equation (20) it is necessary to develop I 1 (τ ) as a power series of V trans ; this gives
where o V n trans represents all the terms of the series having V trans powers n. The first term on the right-hand side of equation (21) is, of course, equal to the classical BN solution (i.e. when V trans = 0). By taking now the BN approximation for k → ∞ of equation (21): 
Only even powers of V trans appear in equation (22) and by computing the limit of this series (i.e. for o(V ∞ trans )) one finally obtains the nice expression:
Again if one assumes that V trans = 0, equation (23) gives the classical BN approximation.
Explicit derivation of the p-moments of the power spectrum
The term I ∞ 1 (τ ) contains all the information describing the physical system and allows us to compute the required moments, ω k . In fact, by substituting equations (10) and (13) in (9), it can be demonstrated that
where the approximation I ∞ 1 (τ ), instead of the exact form I 1 (τ ), has been utilized. Thus, by substituting equation (24) in equation (8), we obtain
where p is an integer 0. To solve the integral in equation (25) it is also necessary in this case to develop it as a power series for V trans . For this reason, the term I ∞ 1 (τ ) j can be written in this case as
where is the gamma function. By substituting equation (26) in equation (25) and by expressing only few powers ofm one can obtain ω p for p = 0, 1, 2, 3 and 4 (in practice only the first two moments, p = 0 and 1, are usually utilized in the LDF instruments), i.e., ω 
It must be noted that equation (29) is an exact expression and not a truncated power series of m or V trans . 
As in the case of equation (29), equation (31) also represents an exact expression.
Discussion
The p-moments derived in the previous section ( ω p ) describe the signals usually displayed by the LDF monitors as a function of time and, in practice, ω 0 and ω 1 are the most utilized. The classical interpretation, derived from the standard BN model and holding for narrow optode spacing or imaging LDF systems, is that ω 0 is proportional to the blood volume/concentration (i.e. proportional tom) and ω 1 is proportional to the blood flow,
i.e. the RMS blood velocity V 2 Brown 1/2 times a term proportional to the red blood cell concentration (m). However, in the latter case, this standard model is often 'over-interpreted' and in many instances ω 1 is assumed to be directly proportional to V trans . It must be noted in this regard that in the classical BN model, the term V trans does not appear at all because it was explicitly derived for a pure Brownian movement. In fact, the hypothesis of the linearity of ω 1 with V trans probably originally comes from experimental measurements performed on phantoms (Nilsson et al 1980 , Obeid 1993 or tissue preparations (Ahn et al 1987) , where in this case the linearity is assured over a limited range of flow values (and smallm values). However, in these cases it remains a problem to define what are the contributions of V and V trans to the ω p signal, or when and why the linear relationship breaks down. The lack of a more general theoretical description makes it difficult to interpret the ω p data. Equations (27)- (31) should now help us to clarify part of this problem.
If one globally inspects equations (27)- (31), one can immediately see that, apart from ω 0 , all the ω p contain velocity terms (and this also holds for p > 4). The term ω 0 has an exact solution (equation (27)) and the approximation for smallm (i.e. if one considers only the first order form) corresponds exactly to the classical BN model. This means that the interpretation for signals from the standard LDF instruments or imagers remains the same i.e., ω 0 ≈ A 2 dc 2 β2m and thus ω 0 remains proportional to the concentration. However, when one considers large tissue volumes (or largem values), the LDF ω 0 signal is no longer a linear function of the concentration (orm) but depends exponentially upon it (see equation (27)). In this case, the 'classical' normalization of the ω 1 signal by ω 0 to obtain a pure red blood speed dependence of ω 1 / ω 0 ≈ V 2 Brown √ 12ξa is no longer correct (it will hold now only in the situation wherem is small and V trans = 0).
With the new formulation of the model, things seem more complicated; however, the results show an interesting behaviour for ω p . In fact, all the even moments (i.e. p = 2n with n = 1, 2, 3, . . .) give a simple and precise solution without the need for an infinite power series inm or V trans . For example, ω 2 stops to the order 1 form and 2 for V trans (all the remaining orders are nil). Thus, equation (29) represents a simple and exact solution for small and large tissue volumes. The general rule for the even p-moments is that form they go from 1st to the p/2 power (i.e. p/2 terms) and for V trans from 0 to the p power (only even powers).
Let us now consider the odd moments. All the odd moments have a complex structure similar to equations (28) and (30). It is clear that even for a small volume approximation (first term on the right-hand side of equation (28) 
the linear behaviour with the red blood cell translational speed is lost and this might explain some of the difficulties encountered in the interpretation of ω 1 during physiological experiments. Moreover, ω
1 not only appears to be nonlinear as a function of V trans but this term is also mixed with V 2 Brown and this makes it very difficult to obtain an independent measurement. At this point, a question arises because one would like to understand why it is usually accepted that experimentally the ω 1 -V trans relationship is reasonably linear using standard LDF instruments and small tissue volumes. To this end, in figure 2 equation (32) is plotted for a typical set of parameter values (Binzoni et al 2003) and the series was truncated at order V then V trans can also be calculated using ω 2 / ω 0 (the other parameters are known (Binzoni et al 2003) ), i.e., from the LDF data. Of course, this procedure is valid only if the biological zero remains constant during the measurements (e.g., a change in the temperature of the investigated tissue might easily change V 2 Brown 1/2 , Kernick et al (1999) ). Moreover, as suggested by one of the referees of the present paper, it is also necessary to ensure that no net translational movement is present during the arterial occlusion (i.e. V trans = 0). In fact, observations with capillaroscopy often seem to detect translational movements related to vessel activity. This problem has to be further investigated.
Conclusions
In the present work, it has been possible to derive the exact relationship existing between the different p-moments usually obtained from an LDF instrument and the physiological parameters of interest V trans , V 2 Brown 1/2 andm. The conditions in which the classical ω 1 -V trans relationship may be considered as 'linear' and which are the physiological determinants that can break this linearity have also been discussed. A correct way to subtract the biological zero has also been proposed. We hope that these findings will help us to improve the analysis of data from existing LDF instruments and the interpretation of the experimental results.
